We study the arithmetic of bitangents of smooth quartics over global fields. With the aid of computer algebra systems and using Elsenhans-Jahnel's results on the inverse Galois problem for bitangents, we show that, over any global field of characteristic different from 2, there exist smooth quartics which have bitangents over every local field, but do not have bitangents over the global field. We give an algorithm to find such quartics explicitly, and give an example over Q. We also discuss a similar problem concerning symmetric determinantal representations.
Introduction
Let C ⊂ P 2 be a smooth quartic over a field k of characteristic different from 2. It is defined by a homogeneous polynomial f (X, Y, Z) of degree 4:
By Bézout's theorem, the intersection of C with a line L ⊂ P 2 consists of four points, counted with their multiplicities. A line L ⊂ P 2 is called a bitangent of C if one of the following conditions is satisfied:
• L tangents to C at two distinct points, or • L tangents quadruply to C at one point. (In this case, the line L is also called a hyperflex line of C.) It has been known since the 19th century that every smooth quartic has exactly 28 bitangents over an algebraic closure of k [1, Chapter 6] . When k is not algebraically closed (e.g. k = Q), the number of bitangents defined over k is usually smaller than 28. Harris and Shioda studied the action of the absolute Galois group Gal(Q/Q) on the set of the 28 bitangents of a smooth quartic over Q [5] , [11] . However, the arithmetic of bitangents of smooth quartics are not well understood yet.
In this paper, we shall study the local-global property (or Hasse principle) for bitangents. It is natural to ask the following question. Let K be a global field of characteristic different from 2. (It is a finite extension of Q or F p (T ) with p = 2.) Let C ⊂ P 2 be a smooth quartic over K. Assume that C has a bitangent over the completion K v for every place v of K (including the infinite places when K is a number field). Then, does C have a bitangent over K?
We shall answer this question negatively. Here is the main theorem of this paper.
Theorem 1.1. For any global field K of characteristic different from 2, there exists a smooth quartic C ⊂ P 2 over K such that • C has a bitangent over K v for every place v of K, but • C does not have a bitangent over K.
Our proof of Theorem 1.1 is a combination of certain group theoretic results on Sp 6 (F 2 ) obtained with the aid of computer algebra systems and the results on the inverse Galois problem for bitangents recently obtained by Elsenhans-Jahnel. We shall also give an algorithm to find quartics failing the local-global property for bitangents explicitly, and give such an example over Q. By a similar method, we also obtain smooth quartics failing the local-global property for symmetric determinantal representations; see Theorem 8.1.
After this work was completed, Jahnel and Loughran told the authors that it is also possible to construct smooth quartics satisfying the conditions in Theorem 1.1 by the results in [9] ; see Remark 6.1.
Bitangents and quadratic forms
Let k be a field of characteristic different from 2, and k sep a separable closure of k. Let C ⊂ P 2 be a smooth quartic over k. The Jacobian variety Jac(C) is an abelian variety of dimension 3 since the genus of C is 3. The group Jac(C) [2] of k sep -rational points on Jac(C) killed by 2 is a 6-dimensional vector space over F 2 . It is equipped with the action of Gal(k sep /k) and the Weil pairing , : Jac(C) [2] × Jac(C) [2] 
is satisfied for all x, y ∈ Jac(C) [2] . Take a symplectic basis {e 1 , e 2 , e 3 , f 1 , f 2 , f 3 } of Jac(C) [2] , i.e. e i , e j = f i , f j = 0 and e i , f j = δ i,j for all 1 ≤ i, j ≤ 3. The Arf invariant of Q is defined by
which is independent of the choice of e 1 , e 2 , e 3 , f 1 , f 2 , f 3 . Lemma 2.1 (Mumford) . There is a canonical bijection between the set of bitangents of C over k sep , and the set of quadratic forms on Jac(C) [2] of Arf invariant 1 whose polar form is the Weil pairing , .
See [10] , [6, Proposition 6.2] for details. Here we briefly recall the construction of the bijection. Let L ⊂ P 2 be a bitangent of C. It is defined over k sep since char(k) = 2. We put C ∩ L = {P 1 , P 2 } for some k sep -rational points P 1 , P 2 . (We put P 1 = P 2 if L is a hyperflex line.) Then D L := P 1 + P 2 is a divisor on C over k sep called an effective theta characteristic. A point on Jac(C) [2] corresponds to a line bundle M on C over
is a quadratic form of Arf invariant 1 with polar form , . Conversely, it can be shown that every quadratic form of Arf invariant 1 with polar form , is obtained from a unique bitangent of C.
A symplectic basis {e 1 , e 2 , e 3 , f 1 , f 2 , f 3 } of Jac(C) [2] gives an isomorphism Jac(C) [ 
The action of Gal(k sep /k) gives a continuous homomorphism ρ C : Gal(k sep /k) → Sp(Jac(C) [2] , , ) ∼ = Sp 6 (F 2 ).
By Lemma 2.1, via the map ρ C , the action of Gal(k sep /k) on the bitangents is translated into the action of Sp 6 (F 2 ) on the quadratic forms on F ⊕6 2 of Arf invariant 1. Remark 2.2. For a 'generic' choice of C, Harris and Shioda proved that the map ρ C is surjective, at least when char(k) / ∈ {3, 5, 7, 11, 29, 1229}; see [5, p.721] , [11, Theorem 7] . For explicit examples of quartics with surjective ρ C , see [11, p.69 , Example], [4, p.26, Corollary 3] . Shioda also constructed smooth quartics over Q such that all the 28 bitangents are defined over Q; see [11, (6.6) ].
Group theoretic results
Let , be the standard symplectic form on F ⊕6 2 .
Let Ω be the set of quadratic forms on F ⊕6 2 with polar form , . Let Ω + (resp. Ω − ) be the subset of Ω consisting of quadratic forms of Arf invariant 0 (resp. 1), which has 36 (resp. 28) elements. The symplectic group Sp 6 (F 2 ) acts transitively on Ω + and Ω − . Let U 36 ⊂ Sp 6 (F 2 ) (resp. U 28 ⊂ Sp 6 (F 2 )) be the stabilizer of an element of Ω + (resp. Ω − ).
The action of Sp 6 (F 2 ) on the set of non-zero vectors F ⊕6 2 \ {0} is transitive, and the stabilizer of a non-zero vector is denoted by U 63 ⊂ Sp 6 (F 2 ).
It is known that U 28 , U 36 , U 63 are maximal subgroups of Sp 6 (F 2 ), and every subgroup of Sp 6 (F 2 ) of index 28, 36, 63 is conjugate to U 28 , U 36 , U 63 , respectively.
We shall consider the following condition.
We say G satisfies the condition ( * ) + (resp. ( * ) − ) if the following conditions are satisfied:
• No element of Ω + (resp. Ω − ) is fixed by every element of G.
• For every g ∈ G, the action of g on Ω + (resp. Ω − ) has a fixed point.
The following results can be confirmed by GAP. (For a sample source code for GAP, see Appendix A.)
(1) U 36 has 296 subgroups, up to conjugation. Among them, 35 subgroups satisfy the condition ( * ) − ; all the 35 subgroups are solvable. 
The inverse Galois problems
The inverse Galois problem asks whether every finite group is realized as the Galois group of a number field over Q.
It is an open problem in general. It was proved by Shafarevich for solvable groups. Sonn observed that Shafarevich's solution to the inverse Galois problem yields a Galois extension such that every decomposition group is cyclic; see [12, Theorem 2] for details. Theorem 4.1 (Shafarevich, Sonn). Let G be a finite solvable group, and K a global field. Then there exists a finite Galois extension L/K such that Gal(L/K) is isomorphic to G, and that, for every place v of K, the decomposition group of L/K at v is cyclic.
Recently, Elsenhans-Jahnel studied an analogue of the inverse Galois problem for bitangents of quartics. Let k be a field of characteristic different from 2, and
a continuous homomorphism. They asked whether ρ is realized as the map ρ C associated with a smooth quartic C ⊂ P 2 over k, up to conjugation by an element of Sp 6 (F 2 ). The following result is proved in [2] (resp. [3] ) when the image of ρ is contained in a conjugate of U 36 (resp. U 63 ). Elsenhans-Jahnel used different geometric methods to construct smooth quartics with prescribed Galois action on bitangents in [2] , [3] . Assume that ρ(Gal(k sep /k)) is contained in a conjugate of U 36 , and it is also contained in a conjugate of U 63 . In this case, the results in [2] , [3] give different quartics, in general. 
Take a smooth quartic C ⊂ P 2 over K such that the maps ρ, ρ C are conjugate by an element of Sp 6 (F 2 ). Such a quartic exists by Theorem 4.2. (4) Then, the quartic C satisfies all the conditions of Theorem 1.1 by Lemma 2.1.
Description of Algorithm
Here we shall give an algorithm obtaining smooth quartics failing the local-global property for bitangents.
We need to fix a subgroup G of Sp 6 (F 2 ). In this section, we shall take a subgroup G ⊂ U 63 ⊂ Sp 6 (F 2 ) isomorphic to F ⊕5 2 since we can use Proposition 3.3 for such a subgroup. Explicitly, the group U 63 is isomorphic to (F 2 ≀ S 6 ) ∩ A 12 ; see [3, Corollary 2.19 ]. The wreath product F 2 ≀ S 6 contains a subgroup isomorphic to F ⊕6 2 . Let G be the kernel of the sum F ⊕6 2 → F 2 . Then G is isomorphic to F ⊕5 2 , and we have an embedding
. Our algorithm consists of 3 steps.
Step 1 (Find a Galois extension L/K.) Take a Galois extension L/K such that Gal(L/K) ∼ = F ⊕5 2 and that every decomposition group is cyclic. ( The existence of such L/K is guaranteed by Theorem 4.1.) Assume that L is described as
for some a 1 , a 2 , a 3 , a 4 , a 5 ∈ K. We put a 6 = a 1 a 2 a 3 a 4 a 5 u 2 for some u ∈ K × and set
By construction, the splitting field of F (1, T 2 ) is L and F (1, 0) = (a 1 a 2 · · · a 5 u) 2 .
Step 2 Let B ⊂ P 1 × P 2 be the hypersurface defined by
Here [S : T ] is the projective coordinate of P 1 and [X : Y : Z] is that of P 2 . The first projection pr 1 : B → P 1 defines a conic bundle structure with six degenerate fibers with prescribed Galois action; see [3, Proposition 3.5].
Step 3 (Calculate the branching locus.) The composite of the embedding ι : B ֒→ P 1 × P 2 and the projection pr 2 : P 1 × P 2 → P 2 is a double cover. Its ramification locus is the desired quartic C ⊂ P 2 . (If C is not smooth, then take other parameters a 1 , a 2 , . . . , a 5 and u, and calculate the quartic C again. For a 'generic' choice of a 1 , a 2 , . . . , a 5 and u, the quartic C is smooth; see [3, Proposition 3.5].)
Applying the above algorithm, we can construct a smooth quartic C ⊂ P 2 over K such that the map ρ C is conjugate to the composite of the following maps:
The smooth quartic C ⊂ P 2 satisfies all the conditions of Theorem 1.1 by Proposition 3.3. Remark 6.1 (Jahnel-Loughran). Here is another construction of smooth quartics satisfying the conditions of Theorem 1.1 by the results in [9] . Take two closed points P, Q of the projective plane P 2 over K (as a K-scheme) of degree 3, 4 with splitting fields κ(P ), κ(Q), respectively, such that (Such points P, Q exist by Theorem 4.1.) Let X be the blowup of P 2 along P ⊔ Q. By [9, Lemma 3.9], it is a del Pezzo surface of degree 2 failing the local-global property for lines. The branching locus C ⊂ P 2 of the anticanonical map of X is a smooth quartic. We have a 2 : 1 map from the 56 lines on X to the 28 bitangents of C. Since (Z/3Z) × A 4 has no subgroup of index 2, it is easy to check that C satisfies all the conditions of Theorem 1.1.
An example
We consider the case K = Q. We put b 1 = −1, b 2 = 17, b 3 = 89, b 4 = 257, b 5 = 769, and put K i = Q( √ b i ) for every 1 ≤ i ≤ 5. Then, for every 1 ≤ i ≤ 5, only one prime number is ramified in K i /Q. For every 1 ≤ i, j ≤ 5 with i = j, the prime number p i splits in K j /Q. (Here p i is the unique prime number ramified in K i /Q.)
We put L = K 1 K 2 K 3 K 4 K 5 , and
Then L/K satisfies the conditions in Step 1. We have
The quartic is computed as
It is a smooth quartic. Thus it gives an example of smooth quartics over Q failing the local-global property for bitangents.
The local-global property for symmetric determinantal representations
Recall that a smooth quartic C ⊂ P 2 over a field k is said to admit a symmetric determinantal representation over k if there exist symmetric matrices
of size 4 × 4 such that the equation
defines the quartic C ⊂ P 2 . (For explicit examples, see [8] .) By the same method as above, it is possible to obtain smooth quartics failing the local-global property for symmetric determinantal representations. Theorem 8.1. For any global field K of characteristic different from 2, there exists a smooth quartic C ⊂ P 2 over K such that • C admits a symmetric determinantal representation over K v for every place v of K, but • C does not admit a symmetric determinantal representation over K.
Here is a sketch of the proof. The point is that a symmetric determinantal representation corresponds to a non-effective theta characteristic.
For a smooth quartic C ⊂ P 2 with a K-rational point, it admits a symmetric determinantal representation over K if and only if there exists a Gal(K sep /K)-invariant quadratic form on Jac(C) [2] of Arf invariant 0 whose polar form is the Weil pairing; see [6, (But the quartics constructed by the method described in Remark 6.1 do not satisfy these conditions.) Remark 8.3. In [6] , the first and the second authors proved that, in general, smooth quartics over number fields do not satisfy the local-global property for symmetric determinantal representations. But the quartics constructed in [6] are defined over number fields of large degree. For quartics over Q, this problem was stated in [6, Problem 1.6 (1)], but not answered there.
Remark 8.4. Theorem 8.1 does not hold in characteristic 2. In fact, over a global field of characteristic 2, any smooth plane curve of any degree satisfies the local-global property for symmetric determinantal representations; see [7] for details. 
